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Quantum computing is seeking to realize hardware-optimized algorithms for application-related
computational tasks. NP (nondeterministic-polynomial-time) is a complexity class containing many
natural, important but intractable problems, in which the satisfiability of potentially conflict con-
straints (SAT) is a prominent problem being NP-complete. According to the exponential time
hypothesis, SAT does not have sublinear verification algorithm, that is, verifying a SAT instance
of size n requires an O(n)-bit proof—generally the complete information about the solution. In
contrast, quantum verification algorithms, which encode the solution into quantum bits rather than
classical bit strings, can perform the verification task with quadratically reduced information about
the solution in O˜(
√
n) qubits. Here we realize the quantum verification algorithm of SAT with
single photons and linear optics. By using tunable optical setups, we test the completeness and
soundness of the protocol in full cases and find high accuracies even in the presence of experimental
imperfections. The two-prover protocol requires only unentangled photons, linear operations on
multiple modes and at most two-photon interferences, which are suitable for photonic realization
and scalable to large problem sizes. Our results open an essentially new route towards quantum
advantages and give new insights on the capability of optical quantum computing.
Quantum computing has been found to significantly
speed-up classically intractable computational tasks [1–
4]. As building error-corrected quantum computers
is still challenging, the near-term goal is to realize
hardware-specific quantum algorithms for practical ap-
plications with emergent techniques [3]. This requires
comprehensive optimizations on the whole architecture
according to the features of both the algorithm and the
experimental platform. A substantial proportion of nat-
ural decision and optimization problems are proved to
be in the complexity class nondeterministic polynomial-
time(NP), which is defined as the set of decision problems
verifiable in polynomial-time by a deterministic Turing
machine. Verifying NP problems by a proof system is
a fundamental computational task as an indispensable
subroutine of brute-force algorithm to solve NP prob-
lems. The proof system, which models computation as
exchange of messages between the prover and the verifier,
underpins foundations of computer science and applica-
tions such as delegated computation.
As the first problem proven to be NP-complete [5],
the Boolean satisfiability problem (SAT)—the problem of
asking whether a given Boolean formula with n variables
has a satisfying assignment—is of particular importance
in computer science. NP-complete signifies that any NP
problem can be efficiently reduced to this problem. Cor-
responding to the natural problem of satisfying poten-
tially conflict constraints, SAT has found broad practi-
cal applications in software/hardware verification, circuit
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design, mode checking, automated proving and artificial
intelligence [6]. An instance of SAT is formalized as the
conjunction of a set of clauses φ = c1 ∧ c2... ∧ cj , each of
which is the disjunction of a set of literals l1∨ l2...∨ lm (a
literal could be a variable xi or a negation of a variable
¬xi). For example, in a representative form called 3-
SAT, each clause has exactly 3 literals. According to the
widely believed exponential time hypothesis (ETH) [7],
which asserts that the best algorithm for solving 3-SAT
runs in time 2cn for some constant c > 0, verifying 3-
SAT requires at least O(n) bits. Otherwise the verifier
can simply enumerate over all possible proofs which yield
a sub-exponential algorithm of 3-SAT. Surprisingly, this
bound on proof length no longer applies if quantum bits
are used in proofs and verified by quantum computers.
This perception rapidly aroused substantial efforts on
quantum verification of NP(-complete) problems [8–14].
In this line, Aaronson et al. gave a protocol of proving
3-SAT with O˜(
√
n) unentangled quantum states each of
O(logn) qubits [8] and modifications of the protocol have
also been proposed [10, 11]. However, to date a complete
demonstration of quantum verification algorithm is still
missing.
In this work, we report the first experimental quan-
tum verification of NP problems with single photons and
linear optics, by implementing a modified version of re-
cent proposals [13]. Photonics has been a versatile tool in
quantum information tasks [15–17], such as boson sam-
pling [18–23], quantum walk [16, 24, 25] and variational
eigenvalue solver [26]. By utilizing multi-degrees of free-
dom of photons [27] and well-developed linear optics [28–
30], information can be encoded and processed in a high-
dimensional Hilbert space. These makes photonics a suit-
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FIG. 1. (a) The two-prover Quantum Merlin-Arthur protocol [QMA(2)]. On the basis of the given SAT instance, the two
Merlins send unentangled, identical proof states to Arthur, who checks the proof on his quantum computer and makes a
“accept” or “reject” decision. (b) The architecture of quantum circuit for the satisfiability and uniformity test. The design
comprises proof encoding, tunable permutations and measurement on the modes. These operations are mainly based on tunable
two-mode transformations u combined with mode splitting and routing. With the input of single photons, the circuit can verify
the satisfiability of a set of clauses or the uniformity on random matchings. (c) Experimental setup for the satisfiability test
and uniformity test. Merlins prepare single photons distributed in the polarization and path modes, encoding the assignment
in the states as quantum witnesses. Arthur then applies permutations and interferences on these modes with linear optics.
BBO, β-barium borate crystal; BD, calcite beam displacer; P, polarizer; IF, interference filter; SMF, single mode fibre; PBS,
polarizing beam-splitter.
able platform to realize the quantum algorithm involving
high-dimensional encoding, low degree of entanglement
and linear operations. Here we present a scalable design
of reconfigurable optical circuits for realizing the quan-
tum verification, in which quantum proofs are mapped
to single photons distributed in optical modes. We ex-
perimentally demonstrate that the quantum verification
machine (QVM) running on photonic platforms can ef-
ficiently verify NP problems in high accuracy, and give
a complete analysis on the satisfiable instance, unsatisfi-
able instance and cheating prover cases.
The quantum verification of 3-SAT corresponds to the
complexity class Quantum Merlin-Arthur [QMA(k)], as
the quantum analogue of NP [31–33]. In this scheme, k
non-communicating, omniscient provers (called Merlins)
send k unentangled quantum proofs to a skeptical, com-
putationally bounded verifier Arthur to convince Arthur
the instance is satisfiable (see Fig. 1a). Arthur checks
the proof in his computing machines and decide to ac-
cept or reject the proof. Two properties are required in
a Quantum Merlin-Arthur protocol: (i) completeness: if
the instance is satisfiable, there exist a proof such that
Arthur accepts with at least some high probability c; (ii)
soundness: if the instance is not satisfiable, for any proof
Arthur accepts with at most some probability s.
The protocol firstly reduces the 3-SAT instance to a
2-out-of-4 SAT instance where each clause contains four
variables xi, xj , xk, xl and is satisfied if two of them are
true, i.e. xi + xj + xk + xl = 2. In the verification, Mer-
lins are supposed to send Arthur K = O(
√
n) identical,
unentangled quantum states [8], each of the form
|ψ〉 = 1√
n
n∑
i=1
(−1)xi |i〉, (1)
where x1, x2, ..., xn ∈ {0, 1}n is an assignment of the n
variables. A state of such form is called a proper state.
The n-dimensional quantum state can be equivalently de-
scribed by logn qubits revealing at most logn bits infor-
mation by measurements on the state. To check whether
the assignment x satisfies the clauses, Arthur can choose
some clauses (i, j, k, l) at random and measure a ran-
domly chosen state |ψ〉 in a basis with a projection on
|c〉 = (|i〉+ |j〉+ |k〉+ |l〉)/2 for each clause. Arthur will
3get a probability of getting the outcome |c〉
pc = |〈c|ψk〉|2 = [(−1)xi+(−1)xj +(−1)xk+(−1)xl ]2/4n,
(2)
Then Arthur rejects the proof if he get the outcome |c〉
and accepts it otherwise. With this Satisfiability Test,
Arthur will have pc = 0 if xi+xj+xk+xl = 2, and some
constant non-zero probability otherwise. A problem is
that Merlins may cheat Arthur by sending him improper
state, for example concentrating the amplitude in a sub-
set of the basis {|i〉} (unequal superposition of {|i〉}) such
that the Satisfiability Test passes even the instance is not
satisfiable. To tackle this problem Arthur can perform
Uniformity Test: he randomly chooses a matching M on
the set {1, ..., n} such that the set is partitioned into n/2
groups of the form (i, j), then measures each copy of the
state |ψ〉 in the basis with {|i〉 + |j〉, |i〉 − |j〉} for each
(i, j) ∈ M . Only if the state is proper (i.e. the am-
plitudes are equal), one of the two outcomes will never
occur. With the statistics on the outcomes, Arthur re-
jects the proof if he find two outcomes {|i〉+ |j〉, |i〉−|j〉}
both occur for a same (i, j) ∈M .
As the verification requires multiple copies of the state,
another possible way for Merlins to cheat is to send dif-
ferent states rather than identical copies. To this end,
Arthur performs Symmetry Test: a swap test between
two states, which accepts with certainty if the two states
are identical and has a constant probability to reject
when the two-state overlap is under a certain threshold.
The QMA(k) protocol may be significantly reduced by
simulating the k Merlins with a single Merlin who sends
a product state of the k copies |ψ〉⊗k, yet in this case
Arthur need to guarantee the unentanglement among
the k subsystems. Arthur can ask for the proof state
|ψ〉⊗k ∈ Cd⊗k from another Merlin and conduct a Prod-
uct Test [11], which applies the swap test to each of the
k pairs of corresponding subsystems of the two states.
The proof will be accepted if all the swap tests passes
and rejected otherwise. With the help of the product
test, we can simulate the k-prover protocol with only
2 Merlins, which corresponds to the complexity result
QMA(k)=QMA(2) for k ≥ 2 [11].
Overall, Arthur performs one of the four aforemen-
tioned tests with constant probability (e.g. 1/4 each).
As a consequence, we have an efficient quantum algo-
rithm to verify SAT with perfect completeness and con-
stant soundness, using two unentangled proofs of length
O(
√
n logn) qubits.
To realize the verification algorithm in photonic
regime, we devise optical circuits for the four tests and
experimentally implement the circuit in the case n = 6.
The proofs from the two Merlins are two-photon states
generated by a parametric down-conversion process while
the k copies of the state |ψ〉 correspond to photons gen-
erated sequentially at different time. In our experiment
the k copies sent by a same Merlin are identical due to
the fact that the apparatus to prepare the states is fixed
within the duration of the experiment. For each copy
we encode the n-dimensional quantum state in the po-
larization and path degrees of freedom of the photon.
The optical modes {|0〉, |1〉, |2〉, |3〉, ..., |n〉} are mapped
to {|h1〉, |v1〉, |h2〉, |v2〉, ..., |vn/2〉}, where |hj〉 denotes the
horizontal polarization in path j. In the following we use
|x1x2x3x4x5x6〉 to represent a proper state encoding the
assignment x1x2x3x4x5x6. Figure 1b depicts the circuit
design for the satisfiability test and uniformity test. The
circuit comprises a sequence of stages, each of which in-
volves a set of two-mode configurable transformations u
combined with mode splitting or routing. Starting from
proof encoding, Merlin firstly splits the input single pho-
ton into equal superposition over n modes and encode
the assignment into the state. The proof state is then
sent to a set of successive tunable permutation modules,
which select the modes corresponding to the clauses or
group the modes into random matchings. Finally, the
measurement and decision module performs either pro-
jection on the certain state or two-mode interferences on
the certain matching. The two-mode transformations u
are implemented by half wave-plates
u(θ) =
(
cos θ sin θ
sin θ − cos θ
)
, (3)
The wave-plates can be set in different angles to perform
different two-mode sub-operations such as X,Z and H
gates. With configurations of these gates, the circuit can
perform different permutations and interferences on the
optical modes. The requirement of the permutation stage
is the capability of sorting the modes into groups (2 or 4
modes each, without regard to order). The configurations
of the optical circuit are designed to realize the
(
6
4
)
= 15
projections and the
(
6
2
)
×
(
4
2
)
÷ 3! = 15 matchings.
The measurement outcome is read out by single-photon
avalanche diodes and we register one-shot measurement
results for each state with a multi-channel time tagger.
Finally, a decision result on the proof (“reject” or “ac-
cept”) is made based on the detector pattern: for the sat-
isfiability test, whether the detector corresponding to the
projection on |c〉 clicks; for the uniformity test, whether
the two detectors in a same group (i, j) both click.
Firstly we demonstrate the verifier in the satisfiabil-
ity and uniformity tests. By changing the setting of the
waveplates to prepare the 64 proper states and verify
the 15 clauses, we measured the probabilities pc for all
the 64×15 cases (Fig. 2a), which are consistent with the
theoretical satisfiability of the clauses for the assignments
(Fig. 2b). The satisfying proofs manifest a nearly zero
outcome probability, whereas all the unsatisfying proofs
manifest obvious outcome probabilities. For the unifor-
mity test, we show the reject probabilities when testing
the 64 proper states for the 15 matchings with k = 3
in Fig. 2c. The results show a high probability to ac-
cept in average. For the case that Merlin sends improper
states, we run the uniformity test for proof states with the
form |ψim(θ)〉 = (cos θ, sin θ, cos θ, sin θ, cos θ, sin θ)/
√
6
with different copy numbers k = 3, 4, 5, 6 (Fig. 2d).
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FIG. 2. Validation of the satisfiablity test and uniformity test. (a) The experimentally measured probabilities pc when
verifying the 15 clauses (rows) with the 64 proper states (columns). Here the proof states (encoded assignments) from left
to right are |000000〉, |100000〉..., |111111〉, while the verified clauses from top to down are (1, 2, 3, 4), (1, 2, 3, 5)..., (3, 4, 5, 6).
(i, j, k, l) denotes the clause xi+xj+xk+xl = 2. (b) The satisfiability of the 15 clauses for the 64 assignments. An assignment
x may satisfies (white) or unsatisfies (blue) a certain clause. (c) The measured reject probabilities pr of the uniformity test for
the 64 proper states × 15 matchings when the number of copies k = 3. (d) The reject probability pr of the uniformity test
versus the parameter θ for the matching {(1, 2), (3, 4), (5, 6)}. The results given by numerical simulations are also shown as solid
lines. Error bars are uncertainties assuming Poisson count statistics. (e) The statistical fidelities Fc between the theoretical
and experimental probabilities for the 64× 15 cases of the satisfiability test.
An increase in the reject probability is observed with
the transition from proper states to improper states,
which fits the numerical simulations. Moreover, higher
reject probabilities are obtained for improper states
when increasing the number of copies k. In addi-
tion, we also find the average statistical fidelity be-
tween theoretical and experimental projection probabil-
ity Fc =
(√
pthec p
exp
c +
√
(1− pthec )(1− pexpc )
)2
to be
0.9988±0.0024 (see Fig. 2e), which justifies the excellent
agreements between experimental results and theoretical
calculations.
To demonstrate the verification of specific instances,
we focus on the instances including 8 clauses, in which
there are
(
15
8
)
= 6435 instances. According to the satis-
fiability of the clauses shown in Fig. 2b, 90 instances are
satisfiable (each with two solutions) and 6345 instances
are unsatisfiable. Figure 3 visualizes the results of ver-
ifying a satisfiable instance φ1 (illustrated in Fig. 3a)
and an unsatisfiable instance φ2 (illustrated in Fig. 3b).
As Merlins aim to make Arthur accept the proof, for
the satisfiable instance φ1 Merlins will honestly send the
proof encoding the satisfying assignments. In this case
the proof states pass both the two tests with high prob-
abilities (psatr = 0.0021 and punir = 0.0131, averaging over
the two states), as shown in Fig. 3c.
For the unsatisfiable instance φ2, we consider situa-
tions where Merlins send different types of states (Fig.
3c). Firstly we perform the two tests with all the 64
proper states. The experimental results manifest ob-
vious reject probabilities larger than psatr = 0.0412 in
the satisfiability test although this type of states can
pass the uniformity test with high probabilities (psatr =
0.0130 ± 0.0061, averaging over the 64 proper states).
In particular, secondly we realize cheating Merlins by
sending deliberately designed improper states for pass-
ing the satisfiability test. For example, we construct
two states |ψch1〉 = (1,−3, 1, 1, 1, 1)/
√
14 and |ψch2〉 =
(−3, 1, 1, 1, 1, 1)/√14, which can pass satisfiability test
of certain instances. Here (α1, α2, α3, α4, α5, α6) denotes
a state with complex amplitudes αi in mode |i〉, i.e.∑n
i=1 αi|i〉. By concentrating the amplitude of state in
a certain mode, a projection on |c〉 when verifying any
of the eight clauses theoretically equals zero. As a re-
sult, this type of state shows a nearly zero probabil-
ity (psatr = 0.0014) to reject in the satisfiability test.
However, due to the state deviates from a proper state,
Arthur can detect the cheat by performing the unifor-
mity test, in which a high reject probability of 0.3190 is
obtained. This result justifies the necessity of the uni-
formity test. Finally we also perform the verification by
sending just improper states |ψim(θ)〉, which show consid-
erable probabilities to reject in both tests. We conclude
from the results that for all the three cases, evident re-
ject probabilities are observed in at least one of the two
tests, thus Arthur will have a constant probability to
reject the proof in average. The typical realizations indi-
cate nearly perfect completeness and constant soundness,
therefore we experimentally achieve a clear completeness-
soundness gap for the quantum verification.
The symmetry test and the product test call opti-
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FIG. 3. Experimental results of verifying example instances. (a) The tested satisfiable instance φ1. (b) The tested unsatisfiable
instance φ2. (c) The reject probabilities of the satisfiability test (psatr , top) and uniformity test (punir , down) for different proof
states. For the satisfiable instance φ1, Merlins will send states encoding the correct solution thus we show the results for the
two satisfying proof states (red bars). For the unsatisfiable instance φ2, we test different cases consisting of sending the 64
proper states (blue bars), cheating by a deliberate cheating proof state |ψch1〉 to pass the satisfiability test (yellow bars), and
sending improper states |ψim(θ)〉 (grey bars). The number of copies k = 3 is adopted in the verification.
cal swap test [34] implemented with a six-mode Hong-
Ou-Mandel (HOM) interference (Fig. 4a) [35]. In
the optical swap test, the probability of rejection is
pr = (1 − |〈ψ1|ψ2〉|2)/2, where |ψ1〉 and |ψ2〉 are
the states in the two input sides of the interferom-
eter. Our experiment uses a non-polarizing beam-
splitter to perform interferences on the six optical
modes distributed in both polarization and path de-
grees of freedom. We register all the
(
6
2
)
= 15 coin-
cidence channels, in which 6 of them (the one-side chan-
nels {1, 2}, {1, 3}, {2, 3}, {4, 5}, {4, 6}, {5, 6}) correspond
to the “accept” outcome and 9 of them (the other two-
side channels) correspond to the “reject” outcome. We
change the path difference between the two states with a
delay line and observe the high-dimensional two-photon
HOM interference. The HOM interference of identical
proper states (Fig. 4b) manifest peaks for the accept
outcomes and dips for the reject outcomes, resulting in a
high accept probability over 97.5%. This result guaran-
tees a high probability to accept in product test, as an ex-
perimental demonstration of the reduction from QMA(k)
to QMA(2). To demonstrate the results of symmetry
test, we perform the optical swap test on different com-
binations of states. According to the outcome proba-
bilities over the detector patterns, it can be concluded
that considerable probabilities are obtained in the “re-
ject” outcomes if the two states are not the same. The
experimental results are also theoretically verified with
well agreements.
The results of the four tests, which constitute a com-
plete quantum verification of the satisfiability problem,
highlight the capability of photonic system to realize
the quantum-advantaged algorithm. Through the lens
of information theory, in the quantum verification algo-
rithm the prover reveals O(
√
n logn) bits information,
whereas in best classical algorithms the prover needs
to reveal O(n) bits, not better than simply write down
the complete solution. The realization of the quan-
tum verification algorithm shows that quantum machines
driven by superposition can efficiently perform the verifi-
cation of NP-complete problems with O(
√
n logn) bits
information, which is believed as classically impossi-
ble. A classical computer to perform the same task
with a O(
√
n logn)-bit message runs in exponential time
2O(n−
√
n logn) just assuming ETH, whereas the quantum
verification algorithm runs in a polynomial-time over-
head [13]. If we focus on the task of verifying NP-
complete problems with limited partial information, such
as O˜(
√
n), quantum computers will show a exponential
speed-up over classical computers for large n, showing a
significant quantum advantage for the application-related
task. This result foreshadows a desirable route for real-
izing quantum advantages in an useful and easy to verify
problem with a “fine-grained” complexity assumption [2].
We have demonstrated the quantum verification of the
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satisfiability problem with two unentangled quantum wit-
nesses, using single photons and tunable optical circuits.
By combining algorithmic designs and experimental real-
izations, we optimize the optical circuit and obtain high
accuracies and scalability. The results highlight the ad-
vantage of photonic platforms in realizing the quantum
verification algorithm. Bridging the linear optical exper-
iments to the problem of NP verification, our work opens
a new avenue in optical quantum computing, rendering
the quantum verification machine an ideal regime suit-
able for future developments with photonic realization.
With current advances in photonic technologies [15–17],
this scheme can be scaled to larger problem sizes. We
anticipate this scheme can apply to more application-
related problems and algorithms, the experimental stud-
ies of proof systems (QMA, QIP, MIP* etc) , as well as
find applications in delegated and cloud quantum com-
puting.
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